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1 INTRODUCTION

One of the most important problems of fuzzy group theory is to classify the
fuzzy subgroups of a finite group. This topic has enjoyed a rapid development
in the last few years. Several papers have treated the particular case of finite
abelian groups. Thus, in [13] the number of distinct fuzzy subgroups of a
finite cyclic group of square-free order is determined, while [14–16] and [28]
deal with this number for cyclic groups of order pnqm (p, q primes). Also,
recall here the paper [25], where a recurrence relation is indicated which
can successfully be used to count the number of distinct fuzzy subgroups for
two classes of finite abelian groups: (arbitrary) finite cyclic groups and finite
elementary abelian p-groups. The explicit formula obtained for the first class
leads in [22] to an expression of the well-known central Delannoy numbers.
Other related works on this topic are [1, 3, 4, 17, 24].
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The starting point for our discussion in given by the papers [23] and [26],
where the above study has been extended to some important classes of finite
nonabelian groups G: dihedral groups and hamiltonian groups, respectively.
We have used the natural equivalence relation introduced in [25] and we have
developed a method to determine the number and nature of fuzzy subgroups
of G with respect to this equivalence. For a different approach for classifi-
cation see [8] and [9]. In our case the corresponding equivalence classes of
fuzzy subgroups are closely connected to the chains of subgroups in G. As a
guiding principle in determining the number of these classes, we first found
the number of maximal chains of G. Note that an essential role in solving
our counting problem is played again by the Inclusion-Exclusion Principle.
It leads us to some recurrence relations, whose solutions have been easily
found.

In the present paper we shall continue this study, by applying the above
method to the class of finite symmetric groups. These groups are probably the
most important in group theory, because any finite group can be embedded
in such a group. They also have remarkable applications in graph theory, in
enumerative combinatorics, as well as in many branches of informatics.

The paper is organized as follows. In Section 2 we present some prelimi-
nary results on fuzzy subgroups and recall the main theorems of [23] and
[25]. Section 3 deals with the number of distinct fuzzy subgroups of the sym-
metric groups S3 and S4. Several inequalities satisfied by this number for the
symmetric group Sn , n ≥ 5, are obtained in Section 4. In the final section
some conclusions and further research directions are indicated.

Most of our notation is standard and will usually not be repeated here.
Basic notions and results on lattices (respectively on groups) can be found
in [5] (respectively in [20]). For subgroup lattice concepts we refer the reader
to [18] and [21].

2 PRELIMINARIES

Let (G, ·, e) be a group (where e denotes the identity of G) and F(G) be the
collection of all fuzzy subsets of G. An element μ of F(G) is said to be a
fuzzy subgroup of G if it satisfies the following two conditions:

a) μ(xy) ≥ min{μ(x), μ(y)}, for all x, y ∈ G;
b) μ(x−1) ≥ μ(x), for any x ∈ G.

In this situation we have μ(x−1) = μ(x), for any x ∈ G, and μ(e)= sup μ(G).
As in the case of subgroups, the set F L(G) consisting of all fuzzy subgroups
of G forms a lattice with respect to the usual ordering of fuzzy set inclusion,
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called the fuzzy subgroup lattice of G. For each α ∈ [0, 1], we define the level
subset:

μGα = {x ∈ G | μ(x) ≥ α}.

These subsets allow us to characterize the fuzzy subgroups of G, in the next
manner: μ is a fuzzy subgroup of G if and only if its level subsets are sub-
groups in G. This well-known theorem gives a link between F L(G) and the
classical subgroup lattice L(G) of G.

The fuzzy subgroups of G can be classified up to some natural equivalence
relations on F(G). One of them (used in [25] and [28], too) is defined by

μ ∼ η iff (μ(x) > μ(y) ⇐⇒ η(x) > η(y), for all x, y ∈ G)

and two fuzzy subgroups μ, η of G will be called distinct if μ �∼ η. This
equivalence relation generalizes that used in Murali’s papers [12]– [16]. It
is also closely connected to the concept of level subgroup. In this way, sup-
pose that the group G is finite and let μ : G → [0, 1] be a fuzzy subgroup of
G. Put μ(G) = {α1, α2, ..., αr } and assume that α1 > α2 > ... > αr . Then μ

determines the following chain of subgroups of G which ends in G:

μGα1 ⊂ μGα2 ⊂ ... ⊂ μGαr = G. (∗)

Moreover, for any x ∈ G and i = 1, r , we have

μ(x) = αi ⇐⇒ i = max{ j | x ∈ μGα j } ⇐⇒ x ∈ μGαi \ μGαi−1 ,

where, by convention, we set μGα0 = ∅. A necessary and sufficient condition
for two fuzzy subgroups μ, η of G to be equivalent with respect to ∼ has
been identified in [28]: μ ∼ η if and only if μ and η have the same set of
level subgroups, that is they determine the same chain of subgroups of type
(∗). This result shows that there exists a bijection between the equivalence
classes of fuzzy subgroups of G and the set of chains of subgroups of G which
end in G. So, the problem of counting all distinct fuzzy subgroups of G can
be translated into a combinatorial problem on the subgroup lattice L(G) of G:
finding the number of all chains of subgroups of G that terminate in G. Even
for some particular classes of finite groups, as finite abelian groups, this prob-
lem is very difficult. The largest class of groups for which it was completely
solved is constituted by finite cyclic groups (see Corollary 4 of [25]). If G
is a finite cyclic group of order n (that is G ∼= ZZ n) and n = pm1

1 pm2
2 ...pms

s is
the decomposition of n as a product of prime factors, then the number f (n)
(which will be also denoted by f ( ZZ n)) of all distinct fuzzy subgroups of G is
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given by the equality

f (n) = 2

s∑
α=1

mα
m2∑

i2=0

m3∑
i3=0

...

ms∑
is=0

(
−1

2

) s∑
α=2

iα s∏
α=2

(
mα

iα

)(m1 +
α∑

β=2
(mβ − iβ)

mα

)
,

where the above iterated sums are equal to 1 for s = 1. Mention that an
important step in order to establish a similar explicit formula for finite ele-
mentary abelian p-groups is made in Section 3 of [25].

Our next goal is to describe the method that will be used in counting the
chains of subgroups of an arbitrary finite group G. Let M1, M2, ..., Mk be
the maximal subgroups of G and denote by g(G) (respectively by h(G)) the
number of maximal chains of subgroups in G (respectively the number of
chains of subgroups of G ended in G). The technique developed to obtain
g(G) is founded on the following simple remark: every maximal chain in
G contains a unique maximal subgroup of G. In this way, g(G) and g(Mi ),
i = 1, 2, ..., k, are connected by the equality:

g(G) =
k∑

i=1

g(Mi ). (1)

For finite cyclic groups, this equality leads to the well-known formula

g( ZZ n) =
(

m1 + m2 + ... + ms

m1, m2, ..., ms

)
= (m1 + m2 + ... + ms)!

m1!m2!...ms!
,

where n = pm1
1 pm2

2 ...pms
s as above. Also, it has been used in Corollary 2.3

of [19] to determine the number of maximal chains of subgroups of the finite
dihedral group D2n:

g(D2n) =
m1∑

α1=0

m2∑
α2=0

...

ms∑
αs=0

(
α1 + α2 + ... + αs

α1, α2, ..., αs

)
(

m1 + m2 + ... + ms − α1 − α2 − ... − αs

m1 − α1, m2 − α2, ..., ms − αs

)
pα1

1 pα2
2 ...pαs

s .

In particular, one obtains g(D4) = 3, g(D6) = 4 and g(D8) = 7.
In order to compute h(G) we shall apply the Inclusion-Exclusion Princi-

ple. Let C be the set of chains in G of type

H1 ⊂ H2 ⊂ ... ⊂ Hr = G,
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C ′ be the set of chains in G of type

H1 ⊂ H2 ⊂ ... ⊂ Hr �= G

and Ci be the set of chains of C′ which are contained in Mi , i = 1, k. Then

|C| = 1 + |C ′| = 1 +
∣∣∣ k⋃

i=1

Ci

∣∣∣ =

= 1 +
k∑

i=1

|Ci | −
∑

1≤i1<i2≤k

|Ci1 ∩ Ci2 | + ... + (−1)k−1
∣∣∣ k⋂

i=1

Ci

∣∣∣.

Clearly, for every 1 ≤ � ≤ k and 1 ≤ i1 < i2 < ... < i� ≤ k, the set
�⋂

j=1

Ci j

consists of all chains of C ′ which are included in
�⋂

j=1

Mi j . This shows that

∣∣∣ �⋂
j=1

Ci j

∣∣∣ = 2h
( �⋂

j=1

Mi j

)
− 1

and therefore

|C| = 1 +
k∑

i=1

(2h(Mi ) − 1) −
∑

1≤i1<i2≤k

(2h(Mi1 ∩ Mi2 ) − 1)

+ . . . + (−1)k−1(2h
( k⋂

i=1

Mi

)
− 1)=

= 2

(
k∑

i=1

h(Mi ) −
∑

1≤i1<i2≤k

h(Mi1 ∩ Mi2 ) + ... + (−1)k−1h
( k⋂

i=1

Mi

))
+ c,

where

c = 1 +
k∑

i=1

(−1) −
∑

1≤i1<i2≤k

(−1) + ... + (−1)k−1(−1) = (1 − 1)k = 0.

Hence h(G) (= |C|) is given by the following equality:

h(G) = 2

(
k∑

i=1

h(Mi ) −
∑

1≤i1<i2≤k

h(Mi1 ∩ Mi2 ) + ... + (−1)k−1h
( k⋂

i=1

Mi

))
. (2)
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This has been used in [19] to obtain explicit formulas of h(D2n) for some
classes of positive integers n. Recall here only that

h (D2n) = 2m1

p1 − 1

(
pm1+1

1 + p1 − 2
)

if n = pm1
1

and, in particular, h(D4) = 8, h(D6) = 10 and h(D8) = 32.
We conclude that if the maximal subgroup structure of a finite group G

is known (i.e. we know the number of maximal subgroups of G, their types
and their intersections), then from the equalities (1) and (2) some recurrence
relations can be inferred which permit us to determine explicitly g(G) and
h(G). This fact will be exemplified in the next two sections for the symmetric
group Sn .

3 THE CASES n = 3 AND n = 4

Our problem is very simple for n = 3, since the symmetric group S3 is iso-
morphic to the dihedral group D6. In this way, the number of all maximal
chains of subgroups of S3 is

g(S3) = g(D6) = 4 (3)

and the number of all distinct fuzzy subgroups of S3 is

h(S3) = h(D6) = 10. (4)

In order to compute the above numbers for the symmetric group S4, we need
to describe its maximal subgroup structure. It is well-known that any finite
group of order pmqn (p, q primes) is solvable and the index of a maximal
subgroup in such a group is a prime power (for example, see [20]). So, S4 is
solvable and, given a maximal subgroup M of S4, we have [S4 : M] = pk for
some prime divisor p of 24 and some positive integer k. We distinguish the
following four cases.

Case 1. [S4 : M] = 2.

In this case, because S4 contains only one maximal subgroup M0 of index 2
(namely the alternating group A4), we have M = M0.

Case 2. [S4 : M] = 22.

Then we infer that M is one of the following four subgroups of S4:

Mi = {σ ∈ S4 | σ (i) = i} ∼= S3, i = 1, 4.
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Case 3. [S4 : M] = 23.

If we assume that there is a maximal subgroup M of S4 with this property,
then it must be cyclic of order 3. Since A4 is generated by the totality of 3-
cycles, it results that M ⊂ A4, which contradicts the maximality of M . Hence
S4 does not possess maximal subgroups of index 23.

Case 4. [S4 : M] = 3.

In this case we have | M |= 23, that is M is a Sylow 2-subgroup of S4. There
exist three such subgroups, all isomorphic to D8:

M5 =< (1234), (12)(34) >,
M6 =< (1324), (13)(24) >,
M7 =< (1342), (13)(24) >.

Now, we are able to compute g(S4). By (1), one obtains:

g(S4) =
7∑

i=0

g(Mi ) = g(A4) + 4g(S3) + 3g(D8). (5)

The alternating group A4 possesses five maximal subgroups, one isomorphic
with D4 and four isomorphic to ZZ 3. Therefore we have g(A4) = g(D4) +
4g( ZZ 3) = 3 + 4 = 7 and so (5) becomes:

g(S4) = 7 + 4 · 4 + 3 · 7 = 44.

Hence we have proved the following theorem.

Theorem 1. The number g(S4) of all maximal chains of subgroups of the
symmetric group S4 is 44.

Next we shall focus on computing h(S4). By (2), one obtains:

h(S4) = 2
8∑

r=1

(−1)r−1
∑

0≤i1<i2<...<ir ≤7

h(Mi1 ∩ Mi2 ∩ ... ∩ Mir ). (6)

Since the maximal subgroups Mi , i = 0, 7, of S4 have been precisely deter-
mined, we can describe all their intersections by a direct calculation. We get:

M0 ∩ M1 =< (234) >∼= ZZ 3, M0 ∩ M2 =< (134) >∼= ZZ 3, M0 ∩ M3 =
< (124) >∼= ZZ 3, M0 ∩ M4 =< (123) >∼= ZZ 3,
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M0 ∩ M5 = M0 ∩ M6 = M0 ∩ M7 = M5 ∩ M6 = M5 ∩ M7 = M6 ∩
M7 = M0 ∩ M5 ∩ M6 = M0 ∩ M5 ∩ M7 = M0 ∩ M6 ∩ M7 = M5 ∩ M6 ∩
M7 = M0 ∩ M5 ∩ M6 ∩ M7 = {e, (12)(34), (13)(24), (14)(23)} ∼= D4,
M3 ∩ M4 = M3 ∩ M6 = M4 ∩ M6 = M3 ∩ M4 ∩ M6 =< (12) >∼= ZZ 2,
M2 ∩ M4 = M2 ∩ M5 = M4 ∩ M5 = M2 ∩ M4 ∩ M5 =< (13) >∼= ZZ 2,
M2 ∩ M3 = M2 ∩ M7 = M3 ∩ M7 = M2 ∩ M3 ∩ M7 =< (14) >∼= ZZ 2,
M1 ∩ M4 = M1 ∩ M7 = M4 ∩ M7 = M1 ∩ M4 ∩ M7 =< (23) >∼= ZZ 2,
M1 ∩ M3 = M1 ∩ M5 = M3 ∩ M5 = M1 ∩ M3 ∩ M5 =< (24) >∼= ZZ 2,
M1 ∩ M2 = M1 ∩ M6 = M2 ∩ M6 = M1 ∩ M2 ∩ M6 =< (34) >∼= ZZ 2.

It follows that:

Mi1 ∩ Mi2 ∩ ... ∩ Mir = {e}, for all r ≥ 5 and all 0 ≤ i1 < i2 < ... < ir ≤
7,
Mi1 ∩ Mi2 ∩ Mi3 ∩ Mi4 = {e}, for all 0 ≤ i1 < i2 < i3 < i4 ≤ 7, excepting
the situation (i1, i2, i3, i4) = (0, 5, 6, 7),
Mi1 ∩ Mi2 ∩ Mi3 = {e}, for all 0 ≤ i1 < i2 < i3 ≤ 7, excepting the situati-
ons (i1, i2, i3) ∈ {(0, 5, 6), (0, 5, 7), (0, 6, 7), (5, 6, 7), (3, 4, 6), (2, 4, 5),
(2, 3, 7), (1, 4, 7), (1, 3, 5), (1, 2, 6)}.

Denoting cr = (−1)r−1
∑

0≤i1<i2<...<ir ≤7

h(Mi1 ∩ Mi2 ∩ ... ∩ Mir ), r = 1, 8, we

find:

c8 = −
(

8

8

)
= −1, c7 =

(
8

7

)
= 8, c6 = −

(
8

6

)
= −28, c5 =

(
8

5

)
= 56,

c4 = −(

(
8

4

)
− 1 + h(D4)) = −77,

c3 = (

(
8

3

)
− 10 + 4h(D4) + 6h( ZZ 2)) = (

(
8

3

)
− 10 + 4h(D4) +

6 f ( ZZ 2)) = 90,
c2=−(6h(D4)+4h( ZZ 3)+18h( ZZ 2))=−(6h(D4)+4 f ( ZZ 3)+18 f ( ZZ 2))=−92,
c1 = (h(A4) + 4h(S3) + 3h(D8)) = 160,

where the number h(A4) = 24 has been computed by using the same method.
In this way, (6) becomes:

h(S4) = 2
8∑

r=1

cr = 232.

Hence the following theorem holds.
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Theorem 2. The number h(S4) of all distinct fuzzy subgroups of the symmet-
ric group S4 is 232.

We end this section by the remark that symmetric group S4 and the
cyclic group ZZ 24 have the same order, namely 24. On the other hand, we
have obtained g(S4) = 44 and g( ZZ 24) = 4, respectively h(S4) = 232 and
h( ZZ 24) = f ( ZZ 24) = f (24) = 40. This shows that the number of maximal
chains of subgroups, as well as the number of distinct fuzzy subgroups of
a group G does not depend on | G |, but they strongly depend on the struc-
ture of G. In particular, we infer that the commutativity of G is essential in
classifying its fuzzy subgroups.

4 THE CASE n ≥ 5

In this case the symmetric group Sn is not solvable (see [16]) and so it is
very difficult to describe all its maximal subgroups. One of them is surely
M0 = An . On the other hand, as for n = 4 we can construct the subgroups:

Mi = {σ ∈ Sn | σ (i) = i} ∼= Sn−1, i = 1, n.

Mention that these subgroups are not necessarily maximal, but there are large
classes of positive integers n for which this fact holds (for example, when n is
prime). The method developed in Section 2 to compute g(Sn) and h(Sn) can
be adjusted to this situation by using the following remark: the total number
of maximal chains of subgroups of Sn or chains of subgroups Sn ended in
Sn is greater than the number of such chains contained in the union of all
subgroup lattices L(Mi ), i = 0, 1, ..., n. In this way, we obtain:

g(Sn) ≥
n∑

i=0

g(Mi ) (7)

and

h(Sn) ≥ 2

(
n∑

i=0

h(Mi ) −
∑

0≤i1<i2≤n

h(Mi1 ∩ Mi2 ) + ... + (−1)nh
( n⋂

i=0

Mi

))
. (8)

The inequality (7) is equivalent to:

g(Sn) ≥ g(An) + ng(Sn−1).

Writing this for n = 5, 6, ..., multiplying each of them by (n − 5)!

(
n

n − 5

)
,

(n − 6)!

(
n

n − 6

)
, ..., respectively, and summing up all these inequalities, on

arrives at the following result.
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Theorem 3. For n ≥ 5, the number g(Sn) of all maximal chains of subgroups
of the symmetric group Sn satisfies the following inequality:

g(Sn) ≥ 11(n − 3)!

(
n

n − 3

)
+

n−5∑
r=0

r !

(
n

r

)
g(An−r ). (9)

In particular, we have:

g(Sn) > 11(n − 3)!

(
n

n − 3

)
= 11

6
n! .

In order to estimate the right side of (8), we remark that for any r =
1, n + 1 and any 0 ≤ i1 < i2 < ... < ir ≤ n, the group isomorphism

Mi1 ∩ Mi2 ∩ ... ∩ Mir
∼=

⎧⎨
⎩

An−r+1, i1 = 0

Sn−r , i1 ≥ 1

holds, where by convention S−1 is the trivial group. This allows us to write
the quantity

cr = (−1)r−1
∑

0≤i1<i2<...<ir ≤n

h(Mi1 ∩ Mi2 ∩ ... ∩ Mir )

in a more convenient manner, namely

cr = (−1)r−1

⎛
⎝ ∑

1≤i2<i3<...<ir ≤n

h(An−r+1) +
∑

1≤i1<i2<...<ir ≤n

h(Sn−r )

⎞
⎠ =

= (−1)r−1

((
n

r − 1

)
h(An−r+1) +

(
n

r

)
h(Sn−r )

)
.

Since

h(Sn) ≥ 2
n+1∑
r=1

cr ,

the following theorem has been proved.
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Theorem 4. For n ≥ 5, the number h(Sn) of all distinct fuzzy subgroups of
the symmetric group Sn satisfies the following inequality:

h(Sn) ≥ 2

[
n∑

r=0

(−1)r

(
n

r

)
h(An−r ) +

n−1∑
r=0

(−1)r

(
n

r + 1

)
h(Sn−r−1)

]
. (10)

Finally, remark that Theorem 4.1 gives directly a lower bound (namely
11

6
n! ) for the number of all maximal chains of subgroups of the symmetric

group Sn , n ≥ 5. From Theorem 4.2 such a bound can be also inferred for the
number of all distinct fuzzy subgroups of Sn . For example, if n = 5, then we
can easily see that (10) becomes

h(S5) ≥ 1940 + 2h(A5),

which implies that

h(S5) > 1942. (11)

Next, (11) will be used in (10), written for n = 6, and a lower bound for h(S6)
will be found, too. This reasoning can obviously be repeated step by step to
obtain a lower bound for h(Sn), where n ≥ 5 is arbitrary.

5 CONCLUSIONS AND FURTHER RESEARCH

All our previous results show that the study concerning to classifying fuzzy
subgroups, started in [12]– [16], [25] and [28] for finite abelian groups and
continued in [23,26] and in the present paper for finite dihedral groups, finite
hamiltonian groups and finite symmetric groups, respectively, is a significant
aspect of fuzzy group theory. Clearly, it can successfully be extended to other
classes of finite nonabelian groups. This will surely constitute the subject of
some further research.

Several open problems with respect to this topic are the following.

Problem 1. Improve the results obtained in Section 3, by determining explic-
itly g(Sn) and h(Sn) for other n ≥ 5.

Problem 2. For every fixed positive integer n, classify the finite groups G
satisfying h(G) = (≤, ≥) n. What can be said about two finite groups having
the same fuzzy subgroup structure (and, in particular, the same number of
distinct fuzzy subgroups)?
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Problem 3. As we have seen in the end of Section 3, the following inequali-
ties hold: g(S4) > g( ZZ 24) and h(S4) > h( ZZ 24). For an arbitrary n, these can
be easily extended to g(Sn) > g( ZZ n!) and h(Sn) > h( ZZ n!), respectively. Are
true the inequalities g(Sn) ≥ g(G) and h(Sn) ≥ h(G), for any finite group G
of order n!?

Problem 4. Develop a method to find some upper bounds for g(Sn) and
h(Sn), n ≥ 5.

Finally, recall that for a given group G a remarkable sublattice of F L(G)
is the fuzzy normal subgroup lattice F N (G), which consists of all fuzzy nor-
mal subgroups of G. These particular fuzzy subgroups can be also classified
by using the same equivalence relation ∼ defined in Section 2. Again, there
exists a bijection between the equivalence classes of fuzzy normal subgroups
of G and the set of chains of normal subgroups of G which end in G. Hence
the problem of classifying fuzzy normal subgroups can be studied for many
classes of finite groups whose normal subgroup structure is known.

REFERENCES

[1] Akram, M., Davvaz, B., Generalized fuzzy ideals of K-algebras, J. Mult.-Valued Logic
Soft Comput. 19 (2012), 475–491.

[2] Alkhamees, Y., Fuzzy cyclic subgroups and fuzzy cyclic p-subgroups, J. Fuzzy Math. 3
(1995), 911–919.

[3] Ameri, R., Nozari, T., Complete parts and fundamental relation of fuzzy hypersemigroups,
J. Mult.-Valued Logic Soft Comput. 19 (2012), 451–460.

[4] Davvaz, B., Leoreanu-Fotea, V., Structures of fuzzy �-hyperideals in �-semihypergroups,
J. Mult.-Valued Logic Soft Comput. 19 (2012), 519–535.

[5] Grätzer, G., General lattice theory, Academic Press, New York, 1978.

[6] Head, T., A metatheorem for deriving fuzzy theorems from crisp versions, Fuzzy Sets and
Systems 73 (1995), 349–358; 79 (1996), 277–278.

[7] Kumar, R., Fuzzy algebra, I, Univ. of Delhi, Publ. Division, 1993.

[8] Mashinchi, M., Mukaidono, M., A classification of fuzzy subgroups, Ninth Fuzzy System
Symposium, Sapporo, Japan, 1992, 649–652.

[9] Mashinchi, M., Mukaidono, M., On fuzzy subgroups classification, Research Report of
Meiji Univ. 9 (1993), 31–36.

[10] Mordeson, J. N., Invariants of fuzzy subgroups, Fuzzy Sets and Systems 63 (1994), 81–85.

[11] Mordeson, J. N., Kuroki, N., Malik, D. S., Fuzzy semigroups, Springer Verlag, Berlin,
2003.

[12] Murali, V., Makamba, B. B., On an equivalence of fuzzy subgroups, I, Fuzzy Sets and
Systems 123 (2001), 259–264.



FUZZY SUBGROUPS 213

[13] Murali, V., Makamba, B. B., On an equivalence of fuzzy subgroups, II, Fuzzy Sets and
Systems 136 (2003), 93–104.

[14] Murali, V., Makamba, B. B., On an equivalence of fuzzy subgroups, III, Int. J. Math. Sci.
36 (2003), 2303–2313.

[15] Murali, V., Makamba, B. B., Counting the number of fuzzy subgroups of an abelian group
of order pnqm , Fuzzy Sets and Systems 144 (2004), 459–470.

[16] Murali, V., Makamba, B. B., Fuzzy subgroups of finite abelian groups, FJMS 14 (2004),
113–125.

[17] Rasouli, S., Davvaz, B., Homomorphism, ideals and binary relations on hyper-MV alge-
bras, J. Mult.-Valued Logic Soft Comput. 17 (2012), 47–68.

[18] Schmidt, R., Subgroup lattices of groups, de Gruyter Expositions in Mathematics 14, de
Gruyter, Berlin, 1994.

[19] Stanley, R. P., Enumerative combinatorics, II, Cambridge University Press, Cambridge,
1999.

[20] Suzuki, M., Group theory, I, II, Springer Verlag, Berlin, 1982, 1986.
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[22] Tărnăuceanu, M., The number of fuzzy subgroups of finite cyclic groups and Delannoy
numbers, European J. Combin. 30 (2009), 283–287, doi: 10.1016/j.ejc.2007.12.005.
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